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ABSTRACT
Tables are presented for the solution of the transient one-
dimensional heat flow in a solid body of constant material proper-
ties with the heating rate at one boundary dependent on time.
These tables allow convenient and rapid estimation of the tempera-
ture distribution in the many practical cases where the mathemati-
cal model applies. Examples illustrating use of the tables are
given.
IlfROIJCTION
An important case of the heat-conduction equation concerns the large-
slab geometry where one boundary is insulated and the heat input at the
other boundary is an arbitrary function of time. This mthemtical model
approximtes, for example, the aerodynamic heating of a flight vehicle
re-entering the earth's atmosphere. Complex problems of this nature are
normeIlly handled by numerical integration and employ large-scale digital
computers. However, the design engineer needs to determine rapidly the
transient non-uniform temperature distribution in the skin of such a
vehicle for any specified flight condition. In this respect the analyti-
cal solution offers considerable advantage over the numerical procedure
as the entire heating history need not be considered to obtain the
temperature distribution at any instant of time.
There has been considerable interest in this problem in recent years,
and various solutions have been presented for the transient one-dimen-
sional heat flow in a solid body of constant material properties with the
heating rate at one boundary dependent on time.
This is a linear boundary-value problem which readily yields its
solution to any of the elegant methods available for treating such prob-
lems. The solution for a constant flux into the solid is given in the
standard work of Carslaw and Jaeger[1]*. A small-scale chart gives this
infinite series solution over a range of parameters. Carslaw and Jaeger
also give the solution for a time-dependent flux which can be expressed
*Numbers in brackets denot e References at end of paper.
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as a single term. These single-term-flux solutions are, however, limited
in their usefulness as most actual heating rates are more complex func-
tions of time.
Sutton 12, 31 and Chen [i4] presented the solution in integral form
for an arbitrary heating rate. However, these integrals can be very
difficult to evaluate depending on the form of the heating rate. This
type of solution is only of academic interest to the engineer vho seeks
a convenient and rapid solution. Even the solutions given in reference
[1] for certain time variations of the heat input are of limited practi-
cal usefulness as the computation labor involved in evaluating the infi-
nite series is a major burden.
Solutions for a more general variation of the heat flux have been
presented. Sutton [2] give a solution for a polynomial variation of
the heat input with time. Certain terms in the solution were neglected
so that the temperature distribution could be given as a polynomial in
time and position. This reference includes an involved table of coeffi-
cients which can be used to calculate the desired temperatures. The
solution is, however, accurate only for large times due to sinplifica-
tion of the solution.
A polynomial variation of the heat input was also considered by
Bergles and Kaye [5] . The exact solution was given in terms of the
infinite series of the repeated integrals of the error functions. The
design charts given by Kaye and Yeh [6] can be used to rapidly estimate
these infinite series. Such graphical solutions conserve on space;
however, a limited range of parameters is considered, and their accuracy
is limited to two significant figures.
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The polynomial time variation of the heating rate is sufficiently
general to be of considerable practical interest. In view of the fact
that available graphical and tabular solutions are inaccurate and incon-
venient to use, accurate tabular solutions were prepared based on the
analysis of reference [5] .
ANALYSIS
Consider transient one-dimensional beat flow in a solid body of
constant material properties with the heating rate at me boundary
dependent on time for the slab shown in Fig. 1. The following solu-
tion is presented in quite general terms by consideration of heat
generation and initial tenperature distribution.
The general differential equation, assuming a heat-generation
term of the form
P(N) = K + M N2  (1)
is given by
62 7 (NX)/ OC) - 07(NX)/ C X + K + M2 = 0 (2)
The initial teperature distribution is assumed to be represented by
an even order polynomial of the form
'r (N,O) = FD2 + GN (3)
The boundary conditions are as follows:
r ) = (x4N)
3'T (1,X)/ b iq Q(X) (5)
where the heat flux in Eq. (5) can be expressed as a polynomial of
(s + 1) terms
-a
Q(X) = S (6)
s = 0
Equations (2) to (6) were solved by means of the Laplace transform-
tion. The solution for the temperature distribution is given by
P (N,X)= X(2F + 4G)z -2Gx. 3 +
s =0 (7)
(2F + K)X + (12G + M)X2 + (M + 12G)Xi + 9 + GN4
where
Z 2 2s+lsL/2 Y 25+1erfe (2r + 1 - N)/2X/2 +
r = 0 (8)
1 2s+1erfe (2r + 1 + N)/2X /2
It is seen that the solution to Eq. (2) can be simply represented
as a polynomial in the functions of time and position defined by Eq. (8).
The transient temperature distribution can be readily computed if the
various temperature distribution functions are computed and arranged in
tabular form.
CC(PUTATION OF TEMPERATURE DISTRIBUTION IUNCTIONS
The infinite series of the repeated integrals of the error func-
tion, which comprises the temperature distribution function given by
Eq. (8), was evaluated using the IN4 To4 digital computer.
The repeated integrals of the error function were taken from the
tables of Kaye [7] . The tables, together with appropriate differences,
were stored in the machine. The Everett central-difference interpolation
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method was chosen as it is more accurate and converges more rapidly
than the forward-difference methods such as those of Newton or Gauss.
Values of the index s were chosen from 0 to 5, and the position
ratio N varied fron 0 to 1.0 in steps of 0.2. The values of relative
time X were chosen over a range of 0 - 40 so that linear interpolation
could be used in the tables. Linear interpolation is valid throughout
all but two per cent of the final tables which are presented in the
Appendix.
APPLICATIONS
The problem of the slab with prescribed heat flux at its surface
is of increasing importance in technical applications. The general
requirement for employment of the present model is that the heat flux
be independent of the temperature of the body. Heat can be supplied,
for example, by a flat heater embedded in the solid; in this case there
is no loss of heat at the surface, and the boundary condition is accu-
rately satisfied if the thermal capacity of the heater is negligible.
The boundary condition is also satisfied for a flight vehicle re-enter-
ing the earth's atmosphere where the allowable surface temperature is
small comrpared with the gas temperature and can be neglected.
A special case of the present solution was derived in reference [6]
for use in estimating the transient temperature distribution in a wedge-
shaped wing flying at supersonic speeds. The flux variation was obtained
from specified time variation of the surface coefficient of heat transfer
and of the temperature difference between the adiabatic wall and the wall.
The assumption of a time variation of the temperature difference is,
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however, equivalent to specifying the solution to the equation. The close
agreement noted in that investigation between the analytical and numerical
results is, therefore, to be expected since information from the numerical
solution was used as a bouAdary condition for the analytical solution. An
analytical solution for aerodynamic heating using a heat-transfer coeffi-
cient and adiabatic-wall temperature which are time dependent is given in
reference [8] . The complexity of this solution is so great, however,
that it is apparent that the numerical approach is more desirable for this
type of aerodynamic heating problem.
The present solution is applicable to situations where the tempera-
ture gradient in all but one direction can be neglected. The temperature
distribution for certain simple two- and three-dimensional geometries,
such as the brick-shaped solid, can be treated using the tables and the
standard product solution technique of Newman.
The tables have sufficiently fine intervals at low values of the
relative time so that the very thick slabs or semi-infinite solids can
be readily considered. Only the large values of the position ratio are
used in this case.
The inverse problem arises when the surface heat flux versus time
is sought from knowledge of an interior temperature versus time. Stolz [9]
presented one of the few general treatments of the subject and developed
a numerical inversion method. The present analytical method is applicable
to all cases where the heat flux can be expressed as a polynomial and
where the initial temperature is uniform.
The interior temperature at a location near the surface is monotored
as a function of time. The values of N and X are readily calculated if
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the properties are known and the corresponding Z are obtained from the
tables. The coefficients of the surface heat flux are then solved from
the series of similtaneous equations derived from the data.
H 0 Z + H1 Z3 X + . . . . = t tb
H Z, + H, ZI X' + . . . . = t
etc.
EXAMPLES
Satellite Re-entry
The temperature distribution in the skin of a flight vehicle can
be readily estimted by the present method for an important case of
aerodynamic heating. The solution given by Eq. (T) is valid for a
situation where the heat input to a body can be determined independent
of the surface temperature. This occurs, for example, when a vehicle
re-enters the earth's atmosphere as its allowable surface temperature
is small compared'with the gas temperature and can be neglected [101
For hypersonic re-entry velocities the heat input is determined prima-
rily by the solution to the equation of motion.
Scala [11] presents the aerodynamic heating rate for the ballistic
re-entry of a satellite from an initial orbit of 900,000 feet. The
ballistic parameter W/CDAD is chosen to be 200 lb/ft2, and the re-entry
velocity is approximately 24.,000 ft/sec at a path angle of 92.5 degrees
from the local vertical. The heating rate obtained in that study is
presented in Fig. 2. Figure 3 includes one-dimensional transient heat-
conduction calculations used in the heat' sink section of Scala's work.
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The temperature profiles were obtained by numerical analysis involving
use of a large digital computer. The temperature distribution will
now be approximated by means of the present method.
The beating rate to the satellite as given in Fig. 2 is first
expressed as a polynomial in time. A simple four-point curve fit
suffices to give a good representation of the temporal variation of
the heating rate.
/A = 1.76x10~ 93 - 9.88Tx10- 3 Q2 + 0.5711 (9)
The thickness of the material is five inches. The product of pC e is
44 Btu/ft3 OF, and the thermal conductivity is assumed to be 43.2
Btu/br ft 0 F[12]. Using these properties the heating rate is expressed
in the form of Eq. (6).
Q = 15-TTx105 X3 - 13.91x 10 X2 + 12.63x10 3 X (10)
The solution as given by Eq. (T) for a uniform initial temperature of
1TO F is
t - 170 = 15.TTx105 X3 T - 13-91x104 X2 Z + 12.63x103 X Z (11)5 1 3
Temperature profiles were calculated for the same flight times as used
in the computer solution. For a time of 100 see, for example, the value
of X = 4'Q/1 2 = 0-15T1. At N = 1.0 the value of Z using linear inter-
polation is 0.2044. The temperature profiles as calculated by the present
method are shown to be in close agreement with the computer solution in
Fig. 3. The small deviations in the profiles are due to consideration
of gas-cap radiation and use of a temperature-dependent thermal conduc-
tivity in the computer solution. Approximately two hours of desk-calcu-
lator camputations were necessary to obtain the four temperature profiles.
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The rest of the temperature history can be calculated by fitting a
curve to the remaining portion of the heat flux versus time plot and
proceeding as above. The initial temperature distribution mst, however,
be included. An even-order-polynomial curve can be fitted to the tempera-
ture distribution at the time of application of the new heat input.
Several such steps should serve in most cases to solve the problem if
the entire heat-input history cannot be expressed accurately as a single
polynomial.
Evaluation of Diffusivity
The present solution can be used to rapidly evaluate the thermal
diffusivity of a material. Diffusivity experiments achieve one-dimen-
sional heat flow by a. use of a large slab sample vhere only a snll
central portion is used for measurements, b. insulation of the sides
so as to prevent heat losses, and c. use of a guard heater to prevent
radial heat loss.
An experiment to determine the diffusivity of copper at 932 OF
(500 0C) is devised using a large-slab sample. A heat source, such as
an electric resistance element, is uniformly applied to the surface;
whereas, the back face is insulated. Thermocouples are installed at
two interior locations, x = 1.0 and 2.0 inches. The block is initially
at a uniform temperature tb = 72 OF. The heating, with a heat source
producing a heat flux q/A - 106 Btu/hr ft , is commenced at time 9 = 0,
and the temperatures at the interior locations are monotored. The time
required for each of these points to reach 932 OF is then recorded.
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x = 2.0 in., N' = 0.8, 0' = 31.3 see.
x = 1.0 in., N" = 0.4, 0" = 41.8 see.
The analytical solution as obtained from Eq. (T) is given as
T (N, X) = t - tb = o Z1 (N, X) = (q/A) (1/k) Z, (12)
It is readily seen that the tenperature distribution functions mst
be equal for the two points. Thus
Z1 (N', X') = 7i (N", X") (13)
subject to the condition that
I'/X" = o'/o" = 31.3/41.8 (14)
The tables for Z1, N = 0.4, and 0.8 give the desired solution
ZI = Ei = 0.8684
X = 0.7152, X" = 0.9551
from vhich' the diffusivity is calculated.
O= 12 X/9 = (2.5/12)2 07l52/(31.3/3600) = 3.5T ft /hr.
It is noted that the evaluation of the diffusivity requires no
measurement of the heat flux. If the density and specific heat are
known from other sigple experiments, this experimental determination
also yields the thermal conductivity indirectly. The thermal conduc-
tivity can, however, be directly evaluated from Eq. (12) if the heat
flux is measured.
The analytical solution to Eq. (T) for constant heat flux has
been modified and used with success in diffusivity experiments by
Butler and Inn [13] and Sheer; et al. [14] among others. These investi-
gators made use of the linearity of the temperature distribution at
values of the relative time X > 0.5. The present method is more general
as the data can be taken for any value of the relative time.
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SYMBOLS
A = surface area
k thermal conductivity
1 thickness of slab
N = position ratio = x/l
P = heat-generation term = qI /k
Q= heat-flux term = (q/A)(1/k)
q = rate of heat transfer
q't heat generation per unit volume
r,s - integers, 0, 1,2, . . .
t = temperature
t = constant initial temperature
X = relative time = a /1 2
x = normal distance
Z = defined by Eq. (8)
F, G, H, K, M = constants
= thermal diffusivity
= temperature difference = (t - tb)
G = time
Subscripts and Superscripts
w = wall position
5 = integer
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THE TEMPERATURE DISTRIBUTION 7CTION -
X N=0
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11.153
12-153
13-153
14-153
15.153
16.153
17.153
18-153
19-153
20.153
21.153
22.153
23.153
24.153
25.153
26.153
27.153
28.153
29.153
30-153
31-153
32.153
33.153
34.153
35-153
36.153
37.153
38.153
39-153
40-153
.9328
.9830
1.0331
1.0832
1.1333
1.1833
1.2333
1.2833
1.333
2.333
3.333
4.333
5.333
6.333
T.333
8.333
9.333
10-333
11.333
12.333
13.333
14.333
15-333
16-333
17.333
18.333
19.333
20.333
21.333
22.333
23.333
24.333
25.333
26.333
27. 333
28.333
29-333
30.333
31.333
32.333
33.333
34-333
35.333
36-333
37-333
38.333
39.333
40-333
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x N=0
0.000 0.00000
.002 .00000
.004 .00000
.006 .00000
.008 .00000
.010 .00000
1012 .00000
.014 .00000
.016 .00000
.018 .00000
.020 .00000
.022 .00000
.024 .00000
.026 .00000
.028 .00000
.030 .00000
.034 .00000
.034 .ooo6 00000o
-038 .0000
.04o 00000i
.042 .00001
.044 .00001
.046 -00002
.048 .00003
.050 00003
.055 .00006
.060 .0001
.065 .00018
.070 .00027
-075 .00039
.080 .00054
.085 .00072
.090 .00094
-095 .00120
.100 .00150
.105 .00184
.110 .00222
.115 -00265
.120 00312
-125 00363
.130 .00418
-135 .00478
.14o -00543
lUIOCTI0R
0.00000
.00000
.00000
.00000
00000
-000000
*00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00001S00001
.00001
0000
-00003OW
.00006
.00'0
.00010
.00012
.00016
-00019
-00031
.00046
.'Od
.00089
.00117
.00149
.00187
.00229
.00276
.00328
-00384
.0044600512
.00583
.00658
.00738
.00822
00910
0.00000
.00000
.00000
.00000
.00000
- 00000
.00000
.00000
.00o
-00001
.00002
,00004
.00006
.00010
.00014
.00020
.00027
.00035
-00056
.00069
.084
.00100
.00118
.00137
.0016
.0022
-0029
.0037
.0045
.0055
.0065
. OT6
.0088
.0100
-0113
-0126
.014o
.0154
.0169
.0184
.0200
.0232
0.00000
0.00000
.00000
.00000
.000001
.00003
.00008
.0000T
.00017
-00030
.00049
.00073
-00102
-0013T
.00177
.00222
.00272
.00326
.00384
-00513
-00583
.00656
-00732
.00811
.00892
.0098
-0120
.0143
.0167
.0192
.0217
.0243
.0297
-0325
-0352
'0380
.0408
.0436
.0465
-0493
.0522
.0550
*0579
N =.6N = .2 N= .8 I=1.0
0.0000 0.0000
.0000 .0336
-0O02 .0476
.0007 .0583
.0016 .0673
-0029 .0752
-0045 .0824
.0062 .0e90
.0083 -0952
.0101 .1009
-0122 .1064
.0143 .1116
.o165 .1165
.0187 .1213
.0210 .1259
-0232 .1303
.0255 -1346
.0278 -1387
.0300 .1427
-0323 .1466
.0346 -1505
.0368 -1542
-0391 .1578
.0413 .1613
-0436 .1648
-0458 .1682
-0513 .1764
.0567 .1843
.0620 .1918
.0673 .1990
-0725 .2060
-0775 .2128'
.0825 .2193
-0875 .2257
-0923 .2319
-0971 .2379
.1018 .2438
.1064 .2495
-1110 .2551
.1155 .2606
-1200 .2660
.1244 .2712
.1287 .2764
-1330 .2815
-20-
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x N = 0
.145 .00611
.150 .00684
.155 .00761
.160 .00842
.165 .00927
.1To .01016
-175 .ono 9
.180 .01206
.185 -01306
.190 .01411
.195 .01518
.200 .0163
.210 .0186
.220 .02n
.230 .0236
.240 .0263
.250 .0291
.260 .0321
.270 .0351
.280 .0382
.290 .0413
.300 .0446
.310 -0479
.320 .0514
.330 .0549
-341.0 .0584
.350 .0620
.360 .0657
.370 .0694
.380 .OT32
.390 .0771
.400 .0810
.420 .0889
.4o .09o0
.460 .1052
.480 
-1135
.500 .1219
.520 .1305
.54+0 .1392
.560 .1479
.580 .1567
N= .2 N= .4 = .6
.01003
.01099
.01200
.01305
.01413
.01525
.01640
.01759
.01882
.02008
.0213'
.022T
.0254
.0283
.0312
.0343
-03T4
.0106
.04W
104714
.0508
.054+
.0580
.0617
.o654
.0692
.0730
.0769
.0809
.0849
.0889
.0930
.1012
.1096
.1181
.126T
.1354
.143
.1532
.1622
.1712
.0249
.0265
.0283
.0300
.0318
.0336
.0354
-0372
.0391
.0410
.0429
.0448
.0487
.0527
.056T
.0608
.0649
.0691
-0733
.0775
.0818
.0862
.0905
.0949
.0993
.1038
.1083
.1128
.1173
.1218
.1264
-1310
.1402
.1495
-1588
.1682
.17T6
.1871
-1966
.2061
.2157
.0607
.0636
.0664
.0693
-0721
.0750
-0778
.0807
.0835
.0863
.0891
.0920
.0976
.1032
.1088
.1143
.1199
.1254
.1309
.1363
.1418
.1472
.1527
.1581
.1634
.1688
.1742
-1795
.1848
.1902
.1955
.2007
.2113
.2218
.2323
.242T
.2531
.2635
.2738
.2842
.-2945
N .8
.1372
.1414
.1455
.1496
.1536
.1576
-1616
.1655
.1694
-1732
.1770
.1808
.1882
.1955
.2027
.2097
.2167
.2235
.2303
.23To
.2436
.2501
.2566
.2630
.2693
.2756
.2818
.2879
.2940
.3001
-3061
.3121
.3239
.3356
-3471
.3586
. 3699
.3812
.3923
.4034
.414
N =1.0
.2865
.2914
.2962
.3009
.3056
.3102
.3147
.3192
.3236
.3279
-3322
.3365
.3"8
.3530
.3609
.3687
.3764
-3839
-3913
.3986
.4058
.4128
.4198
.4266
.4334
.1401
.457
.4532
.4597
.4661
.4725
-1788
.4912
.5034
.5155
-5274
.5398
.5508
.5623
.5738
.5851
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X N=0
.600
.650
TOO
.750
.800
.850
.900
.950
1.0
2.0
3.0
4.0
5.0
6.0
7.0
8.0
9.0
10.0
11.0
12.0
13.0
14.0
15.0
16.0
17.0
18.0
19.0
20.0
21.0
22.0
23.0
24.0
25.0
26.0
27 .0
28.0
29.0
30.0
31.0
32.0
33.0
34.0
35.0
36.0
37.0
38.0
39.0
40.0
.1656
.1882
.21n
.2342
.2576
.2812
-3049
.3288
.353
.843
1.340
1.838
2.337
2.837
3.336
3.836
4.335
4.835
5.335
5.835
6.335
6.835
7.335
7.835
8.334
8.834
9.334
9.834
10-334
10.834
n-334
n.834
12-334
12.834
13-334
13.834
14.334
14.834
15-334
15.834
16-334
16.834
17-334
17.834
18.334
18.834
19-334
19.834
N= .2 N= .4 N= .6
.1802
.2032
.2264
.2499
.2735
.2974
.3213
.3454
.370
.861
1.359
1.857
2.35T
2.856
3.356-
3.855
4.355
4.855
5.355
5.855
6.355
6.854
7-354
7.854
8.354
8.854
9.354-
9.854
10.354
1o.854
11-354
n.854
12.354
12.854
13.354
13.854
14.354
14.854
15.354
15.854
16-354
16.854
1T 354
17.854
18.354
18.854
19.354
19.854
.2253
.2494
.2736
.2979
.3223
.3468
.3713
.3959
.421
.917
1.416
1.915
2.415
2.915
3.414
3.914
4.414
4.914
5.414
5.914
6.414
6.914
7.414
7.914
8.414
8.914
9.414
9.914
10.414
10.914
u.414
11.914
12.414
12.914
13.414
13.914
14.414
14.914
15.414
15-914
16.414
16.914
17.414
17.914
18.414
18.914
19.414
19-914
.3048
.3304
.3560
.3815
.4069
.4323
.45T6
.4829
.508
1.011
1.512
2.012
2.512
3.012
3.513
4.013
4.513
5.013
5.513
6.013
6.513
7.013
7.513
8.013
8.513
9.013
9.513
10.013
10-513
11.013
11-513
12.013
12.513
13-013
13-513
14-013
14-513
15.013
15.513
16.013
16-513
17.013
1T -513
18.013
18.513
19.013
19.513
20.013
- z3
N = .8
.4254
.4525
.4793
.5059
.5323
.5585
.5846
.6106
.637
1.145
1.648
2.149
2.650
3.151
3.651
4.151
4.651
5.152
5.652
6.152
6.652
7.152
7.652
8.152
8.652
9.152
9.652
10-152
10.652
11-153
u.653
12.153
12.653
13-153
13.653
14-153
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15-153
15.653
16.153
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17.153
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18-153
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19-153
19.653
20.153
N = 1.0
.5964
.6242
.6516
.6787
.7056
-7322
.7586
.7849
.811
1.322
1.826
2.328
2.829
3-330
3.830
4.331
4.831
5.331
5.831
6.331
6.832
T -332
7.832
8.332
8.832
9.332
9.832
10.332
10.832
11-332
n.832
12-332
12-832
13.332
13.832
14.332
14.832
15.333
15-833
16-333
16.833
17-333
17.833
18.333
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19-333
19.833
20-333
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X N=0
.600
.650
-T00
-750
.800
.850
.900
.950
1.0
2.0
3.0
4.0
5.0
6.0
7.0
8'.0
9.0
10.0
12.0'
13.0
14.0
15.0
16.0
17.0
18.0
19.0
20.0
21.0
22.0
23.0
24.0
25.0
?6.0
27.0
28.0
29.0
30.0
31.0
32.0
33.0
34.o
35.0
36.0
37.0
38.0
39.0
40.0
.0868
.1001
.1139
.1279
.1422
.1567
.1715
.1864
.846
1.176
1.508
1.840
2.172
2.505
2.838
3.171
3.503
3.837
4.170
4.503
4.836
5.169
5.502
5.835
6.169
6.502
6.835
7.168
7.502
7.835
8.168
8,501
,8.835
9.168
9.501
9.835
10.168
10.501
10.835
u.168
11-501
n.835
12.168
12.501
12.835
13.168
N= .2 N= .4 N= .6 N= .8 N =1.0
.0980
.1119
.1261
.1405
.1552
.1701
.1852
.2004
.216
.535
.864
1.195
1.526
1.859
2.191
2.524
2.857
3.190
3.523
3.856
4.189
4.522
4.855
5.189
5.522
5.855
6.188
6.522
6.855
7.188
T-521
7.855
8.188
8.521
8.854
9.188
9.521
9,854
10.188
10.521
10.854
U. 188
11-521
11.854
12.188
12.521
12.854
13.188
.1336
.1489
.1645
.1801
.1959
.2UT
.2276
.2436
.260
.587
.918
1.250
1.583
1.916
2.249
2.582
2.915
3.248
3.581
3.914
4.248
4.581
4.914
5.248
5.581
5.914
6.24T
6.581
6.914
T.24T
T.581
7.914
8.247
8.580
8.914
9.24T
9.580
9.914
10.247
10.580
10.914
11.24T
U-580
U.914
12.247
12.580
12.914
13.247
.1996
.2170
.2344
.2518
.2690
.2862
.3034
.3205
.338
.675
1.010
1.344
1.678
2.012
2.345
2.679
3.012
3.346
3.679
4.012
4.346
4.679
5.013
5.346
5.679
6.013
6,346
6.679
7.013
7.346
7.680
8.013
8.346
8.680
9.013
9.346
9.68o
10.013
10.346
10.680
11.013
U-346
1.679
12-013
12.346
12.679
13.013
13-346
.3066
.3262
.3455
.3645
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.4018
.4201
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.456
.804
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2.148
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X N = 0 N=.2 N .4 .6 N 1
-1i5 .0090 .00190 .00660 .02210 .0684 .1.
.150 .00104 .00213 o00726 .037 .7.1968
.155 00318 00236 .00773 o02466 0 3. 0 1
.160 *00133 O00261 .00831 .02597 0757
 2031
-15 .00150 .00287 .00892 027 
.0757 .206
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7 .0781 '2093
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805 .212T
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0829 .2158
-185 .00228- .0045 .0101 -
03125 .0852 .2189
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3259 .0876 '2219
5 40 5. -00438 .03124 03393 .0899 .2 4
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0393 .0989 23
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2 .14 .24
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-08 .103 .240
.2- 0 .0054 .0083 0195 
.04 6 107 .2527
.2 0 .0061 0092 02 
1 0 1-1 63 .25
-. 0069 .0102 .022T 053 .1216 .263
.20 .008 -03 .026 .055
9 .124 .2681
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 -2730
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.1329 -238
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30 0144 P194 0368 0752 1525 3009
.350 .0.155 0207 .0386 .0780.16 .35
.30 .01 -0220 005
 .083 .16 -307
0 0179 .0233 .0424 .1639 -34
.380 .0191 .0247 .0443 .0863 .1676 .38
.30 0203 .0262 .0463 .0890 .11-312
.420 .0216 .02o6 .02 -0918 .1749 .3266
.420 .0242 .0336 .0522 .0973 .1821 *334T
.440 .0270 .0 3*0562 .102T .*1892.3 2
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THE TMPERATURE DISTRIBUTION FUNCTION
X N=O
.600
.650
.700
.750
-.800
.850
.900
.950
1.0
2.0
3.0
4.0
5.0
6.0
7.0
8.0
9.0
10.0
11.0
12.0
13.0
14.0
15.0
16.o
17.6
18.0
19.0
20.0
21.0
22.0
23.0
24.0
25.0
26.0
27.0
28.0
29.0
30.0
31.0
32.0
33.0
34.0
35.0
36.0
37.0
38.0
39.0
40.0
.0522
.0610
.0702
.0797
.0895
.0995
.1097
-1201
.131
.360
.601
.84T
1.094
1.343
1.591
1.840
2.090
2.339
2,589
2.838
3.088
3-337
3.587
3.837
4.087
4.337
4.586
4.836
5.086
5.336
5.586
5.836
6.086
6.336
6.585
6.835
7,085
7.335
7.585
7.835
8.085
8.335
8.585
8.835
9.085
9.335
9.585
9.835
N= .2 N=.4 N= .6
.o6ui
.0705
.0802
.0901
.1003
.1107
.1213
.1320
-143
.375
.618
.865
1.113
1.361
1.610
1.859
2.109
2.358
2.608
2.85T
3.10T
3.35T
3.607
3.856
4.106
4.356
4.606
4.856
5.106
5.355
5.605
5.855
6.105
6.355
6.605
6.855
7.105
T-355
T.605
T.855
8.105
8.355
8.605
8.855
9.105
9.355
9.605
9.855
.0899
.1009
.1121
.1234
-1348
.1463
-1579
.1695
.181
.423
.670
.918
1.16T
1.417
1.666
1.916
2.166
2.415
2.665
2.915
3.165
3.415
3.665
3.915
4.165
4.414
4.664
4.914
5.164
5.414
5.664
5.914
6.164
6.414
6.664
6.914
T-164
7.414
7.664
T.914
8.164
8.414
8.664
8.914
9.164
9.414
9.664
9.914
.1460
.1594
.1726
.1858
.1990
.2121
.2252
.2382
.251
.506
.759
1.010
1.260
1.511
1.761
2.011
2.262
2.512
2.762
3.012
3.262
3.512
3.762
4.012
4.262
4.512
4.762
5.013
5.263
5.513
5.763
6.013
6.263
6.513
6.763
7.013
7.263
7.513
7.763
8.013
8.263
8.513
8.763
9.013
9.263
9.513
9.763
10'.013
N = .8
.2427
.2585
.2740
.2892
.3041
.3188
.3334
.3478
.362
.631
.888
1.141
1.394
1.645
1.896
20147
2.398
2.648
2.899
3.149
3.399
3.650
3.900
4.150
4.400
4.651
4.901
5.151
5.14o1
5.651
5.901
6.151
6.401
6.651
6.90o1
7-152
7.402
7.652
7.902
8.152
8.402
8.652,
8.902
9.152
9.402
9.652
9.902.
10-152
N = 1.0
.4016
.4187
.4353
.4515
.4674
.4829
.4982
.5132
.528
.803
1.062
1-317
1.570
1.823
2.074
2.325
2.576
2.827
3.077
3.328
3.578
3.829
4.o79
4.329
4.5T9
4.830
5.080
5.330
5.580
5.830
6.08o
6.331
6.581
6.831
7.081
7.331
7.581
7.831
8.081
8.331
8.831
9.081
9.331
9.581
9.831
10.081
10-331
-ZT
THE TEMPRALURE DISL'RIBUTION
X N = 0
0.000
-002
-W4
.006
.008
.010
.012
.014
.016
.018
.020
.022
.024
-026
.028
-030
.032
.034
-036
-038
.040
.o4
.044
.046
.048
.050
.055
.060
.o65
.070
.075
.080
.085
.0090
.095
.100
.105
.110
.115
.120
*125
-130
*135
.140
0.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00001
.00001
.00001
,0000p2
.00003
.00004
.00005
.00007
.00009
.00012
.00018
.00022
.ooo26
.00031
.00037
N = .2
0.00000
.00000
.0000
.00000
.0000
.00000
.00000
.00000
.#00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00001
.00001
.00002
.00003
-00005
.oooo6
.
.mwox
.00012
.00015
.00024
.00030
.00036
.00043
.00050
600059
.ooo68
.000o8
.00089
FUNCOoN 
- Z
N = .4
0.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00001
.0=01
.00002
.00002
.00003
.00004
.00005
.oooo6
.00007
.00009
.00011
.00023
.00032
.ooooo
.00054
.o00968
.00084
.00101
.00120
.00141
-oo64
.oo88
.00214
.00242
.00021
.00301
.00333
.00367
N # .6 N = .8
0.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00001
.00001
-00003
.00004
.00007
.00010
.00014
.00019
.00025
-00031
.00039
.0004T
.00057
.0oon6
.00079
.00091
.00105
.00119
.00134
.00175
.00222
-002T3
.00329
.00389
.00453
.00820
.00591
.01665
.00741
.00820
.00902
.00986
.01071
.01159
.01248
.01339
.01431
0.0000
.0000
.0000
.0002
.0003
.0006
.0009
-0013
.0018
.0023
.0028
-0034
.0040
-004T
.0061
.0068
.0075
.0083
.0091
.0099
.0107
.0115
.0123
.0131
.0152
.0173
-0195
.0216
.0238
.0281
.0303
00325
.0346
.0368
.00389
.0432
.0453
-0474
.0494
.0515
N = 1.0
0.0000
.*0205
.0290
-0355
.0410
.0459
.0502
.0543
.0580
065
.0648
.0680
.070
.0739
*O76T
.0794
.0820
08%5
.0894
,6894
091T
.094o
.095
.1005
.1025
.1123
.1169
.1213
.1256
.1297
.133T
.1413
.1450
.1486
.1521
.1555
.1653
1685
.1716
-28-
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7MTOWERATURE DISTR1UN T1UN OK
X N = 0
.145 .00043
.150 .00050
-155 .0058
.160 W.00266
.165 .00014
-I17 .00084
.175 w0094
.180 .00105
.185 .00116
.190 -00129
.195 .00142
.200 .00156
.10 .0086
.220 .00219
3230 -,00255
.240 -00294
3250 -. 00337
-260 .00383
0270 .00431
.280 .00483
.290 .00537
.300 oo$~94
0310 o00654
.320 .00717
.330 .00783
.340 -00851
.350 .'00922
.360 .00995
.370 o01071
.6380 .01149
.390 .1230
.400 .0.131
.420 .0149
.44o .0167
.460 .0186
.48o .0206
-500 .0227
.520 .0248
.54o 00270
.560, ;0293
.580 o0316
11 .2
00101
.0011
.00128
.00142
15*
.001T4
.00191
00209
.007
.00247
.00268
.00289
335
.00383
00435
.0049
.00549
.00610
.00675
.00813
.0088
#00963
.01042
0124
.0:1208
.0129
:01W~
.01476
.01570
.01666
0017700197
~0218
024o
0263
0286
0310
0334
0360
2385
.0040
.0043
.0047,
-0051!
-00555
90059
00063.c
.00683
.00727
-00773
.00820
.008700097
.01070118
.0128
.0140
.0151
.0163
-0175
.0187.
-0200
.0213
.0226
.0239
,0253
.o266
.0280
.0294
-0308
-0322
0366
0396
04270457
0489
0520
D552
)585
)6.17
N= - 4 N = .6
2 .01525B .01620
5 .01716
5 .0214~
.01912
.02011
* 0211U
.02212
.02314
.02417
.02520
.02624
.02832
-03043
.03256
.o34ro
-03685
-03901
.04119
-04336
.04555
-04774
.04993,05233
-05433
.0565-3
.05873
*06094
.063314
.06535
.06T55
.06975
.074,16
.07856-
.08295
.08T34
-09172
*09609
-10045
.10481
010916
II = .8
-0536
.0556
.0576
60597.061
.0636,
.0656
- 7
.0695
.0715
.0734
.0753
.0791
.0829
.0866- 902
.0939
.0974
.1010
.1045
.1079
-111447
.1181
.1214
.1247. 80
.1312
.1344
.13T6
-1407
.1438.1500
.1560
.1620
.1679
-1738
.1795
.1852
.1908 #
.1963
-o Z9
N = 1.0
.31746.177
.1805
.1834. 62
.1.893.
.1918. 45
.1972
.2025
,2051.
.2101. 5
.2199
.224693
.2338
.2383
.24e6. 69
.2512
.2553
.2594
.2634
.2674
02713
.2752
.2790
.2828.2865
.2901
-3043
31123180
3246
3311
3375
3438
3501
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TE T EBATURE DISTRIBUTION UNCTION - Z9
X N = 0
.600
.650
.TOO
.T50
.800
.850
.900
.950
1.0
2.0
3.0
4.0
5.0
6.0
7.0
8.o
9.0
10.0
11.0
12.0
13.0
14.0
15.0
16.0
17.0
18.0,
19.0
20.0
21.0
22.0
23.0
24.0
25.0'
26.0
27.0
28.0
29.0
30.0,
31.0
32.0
33.0
34.0
35.0
36.0
37.0
38.0
39.0
4o.o
.0340
.0402
.0468
.0536
.0607
.o680
.0755
.0832
.091
.267
.457
.651
.848
1.046
1.244
1.443
1.642
1.841
2.040
2.240
2.439
2.639
2.838
3.038
3.238
3.438
3.637
3.837
4.037
4.237
4.437
4.636
4.836
5.036
5.236
5.436
5.636
5.836
6.036
6.236
6.436
6.636
6.835
7.035
7.235
7.435
7.635
7.835
N = .2 N = .4 N = .6
.0412
.0479
.0550
.0623
.0698
.0775
.0854
.0935
.102
.281
.473
.668
.865
1.064
1.262
1.461
1.660
1.860
2.059
2.259
2.458
2.658
2.857
3.057
3.257
3.457
3.657
3.856
4.056
4,256
4.456
4.656
4.856
5.056
5.256
5.456
5.655
5.855
6.055
6.255
6.455
6.655
6.855
7.055
7.255
7.455
7.655
7.855
.0650
.0734
.0820
.0906
.0994
.1083
.1173
.1263
.135
.326
.522
.T20
.919
1.118
1.317
1.517
1.716
1.916
2.16
2.316
2.515
2.715
2.915
3.115
3.315
3.51'
3.715
3.915
4,115
4.315
4.514
4.714
4.914
5.114
5.314
5.514
5.714
5.914
6.34
6.314
6.514
6.T14
6.914
7.114
7.314
7.514
7.714
7.914
.1135
-1243
.1351
.1458
.1564
.1671
.1776
.1882
.199
.405
.607
.809
1.009
1.21i0
1.411
1.611
1.811
2.011
2.211
2.432
2.612
2.812-
3.012
3.212
3.412
3.612
3.812
4.012
4.212
4.412
4.612
4.812
5.012
5.212
5.412
5,.612
5.812
6.o12
6.212
6.412
6.61-2
6.812
7.013
7.213
7-413
7.613
7813
8.013
N = .8
.2018
.2152
.2284
.2413
.2539
.2664
.2786
.2907
-303
.524
.733
.938
1.141
1.343
1.544
1.745
1.946
2.147
2.347
2.548
2.748
2.949'
3.149
3.349
3.549
3.750
3.950
4.'15o
4.350
4.550
4.750
4.950
5.151
5.351
5.551
5.751
5.951
6.151
6.351
6.55;
6.751
6.951
7.151
7.351
7.551
7.751
7.951
8.151
N = 1.0
.3562
.3711
-3855
.3995
.4132
.4266
.4397
.4526
.465
.695
.906
1.n3
1.317
1.519
1.721
1.923
2.124
2.325
2.525
2.726
2.927
3.127
3.327
3.528
3.728
3.928
4.129
4.329
4.529
4.729
4.929
5-130
5.330
5.530
5.730
5.930
6.130
6.330
6.530
6.730
6.930
7.131
7.331
7-531
7.731
7.931
8.131
8.331
TM T ERATUR DISTRIBUTIO
11=0
0.000 0.00000
.002 .00000
.004 .00000
.006 .00000
.008 .00000
.010 .00000
.012 .00000
:014 .ooooo
.o16 .ooooo
.018 .0oooo
.020 .00000
.022 .00000
.024 .000o0
.026 .00000
.028 .ooooo
.030 .00000
.032 .00000
.034 .ooo00
.036 0oooo0
.038 .ooo00
.04o .oooo0
.042 .00000
.046 .ooooo
.o48 .ooooo
.050 .00000
.055 .00000
.060 .00000
,065 .oooo0
.070 .00000
.075 .00000
.080 .ooo00
.o85 .000o±
.090 .00002
.095 .00003
.100 .00004
.105 .00005
.nio .00006
- U5 *00008
.120 000009
.125 .oo011
.130 .00013
.135 .00016
.140 000019
11 = .2
0.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
*.00000
.00000
#00000
.00000'
.00001
.00002
.0002
.00003
.100004
.00006
.00008
600010
.00012
.00015
*00019
.00023
.500027
4600033
.00039
.06645
.00051
FUNlCTION
N = .4
0.00000
.00000
.00000
.0000
.O0ooo
.00000
.00000
.00000
.00000
.00000
.00000
.0000o
.0000o
.000000
.00000
.00000
.00001
000001
* 00001
. 00001
.00002
000002
.00003
.00004
.00005
* 00006
.00008
.00012
.0001T
.00024
-00031
.00039
.00049
.0060
.00072
.00085
.001,00
.00116
.00133
.00151
.00170
000191
.00213
.00236
N = .6
0.00000
.00000
.00000
.O0000
.00000
.00000
.00000
.00000
.00001
*00001
000002
.00004
-00005
.00010
.00018
.00022
#0002T
.00033
.0004o
.0004T
.00055
.00064
.00073
-00083
000110
.00142
.00177
.00216
.00258
.00303
.00352
.00403
.00457
.005)2
.00571
.00631
.00693
.00758
.00824
.0089,2
.00961
.01032
0.00004
.000"
.00
.0002C
.00036
-00058
-0085
.00152
.00191
.00234
000279
.00328
.00379
.0432
.00487
.00545
.oo603
.00664
.00725
* 00788
.-0085.1
.009.16
.0098
* 011 5
.0132
.0149
.0167
.01~85
.0202
.0220
.0238
.0256
.0274
.0292
.0310
.0328
.0346
.0364
.0382
00399
N = 1.0
o 0.0000
) 0106
) .0264
.0323
.0373
.0o417
.045T
.0493
-052T
.0559
.0589
.0618
.0646
.0672
.0697
.0722
.0746
00769
.0791
-0813
.0834
.0854
.0874
.0894
.0913
.0932
.09T8
.1021
.163i~
-1103
.1142
.1179
.1215
-1251
.1285
.1318
.1351
.1382
.1414
.14
.1474
.1503
.1532
.1560
gi
-32-
THLE TE'ERATJR DISTRBUJTION FINOTION 
- Z11
X 1=0
-145 .00022
.150 .026
.155 .00030
1-16o 
-00035
.165 .00039
.170 
-00045
-175 -00051
.18 -00057
-185 .00065
.190 -00072
.195 .00080
.200 .00089
4210 -0010T
.220 .00127
.230 .00149
.240 -00173
.250 .00199
.260 .00228
-270 -00259
.280 .00292
.290 -00328
-300 .00365
.10 .00404
.320 00445
.330 .00488
5340 -00533
.350 .00580
.36o .oo630
!370 .00682
5380 80036
.390 oo0792
.40o .0085
.420 .0097
.44o .0110
.460 .0-123
.480 .0137
.500 .0152
.520 .0168
.540 .0183
.560 .0199
.580 .0216
N=.2 N=.1
.-00058 .0026(
.00066 -0028
.00075 .00310
-00084 00337
-093 -00366
.00103 -00395
.00114 .00425
.00125 00456
.0013T .00483
.00150 .00521
.00163 .00555
.00177 .00590
.00206 .00661
.00237 .00736
.005271 .00813
.00308 .00893
.00348 .00976
.00389 :01061
.000433 .01149
,.00479 0.1239
.-00527 .01332
.00578 .01426
.00631 .01523
-00685 .01622
.00742 001722
-00801 .01824
.00862 .01929
-00925 02034
.005 .02142
.01057 .02251
.01125 .02361
0120 .024T
.0134 .0270
.0149 .0293
.0165 .0317
00182 .0341
.0199 -0365
.0217 .0390
.0235 .04-15
0254 .0441
0273 .0467
.01104
-01177
-01252
.01327
.01404
.01481
-01559
.01639
.01719
.0199
.01881
*0196
.0213
.0230
-024t
-0264
0281
.0299
.0316
.0334
-0352
.0370
.0388
.0406
.0424
.0442
.0460
.0478
.0497
.0515
.0533
.0551
.0588
.0624
.0661
.0697
.0734
-0771
.08o8
.0844
.0881
.0434
-0452
.0469
0W6
.0504- 21
-0538
.0555
-0571
'00843
.005
.0621
-0654.0687
.0719
.0751
.0782
-0813
.0844
.0875. 90
.0935
00964
#0994
-1023
.1052
.1080
.1109
.1137
.1165
-U192
.1220
.1274
.1327
.380
.1432
.1483
.1584
.1633
.1682
N= ,
3 11.1.0
.158T614
.1641
.1667
.169301719
.1744
.1768
-1793
.1817
.1841
.1864
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X N=0
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.0379
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.0546
.o605
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.522
.685
.848
1.013
1.178
1.344
1.509
1.675
1.841
2.007
2.173
2.340
2.506
2.672
2.838
3.005
3.171
3.338
3.504
3.671
3.837
4.004
4.171
4.337
4.503
4.670
4.836
5.003
5.170
5.336
5.503
5.669
5.836
6.002
6.169
6.336
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FUlOTION 
- Z
N= .2 N= .4 N= .6
.0292
.0343
.039T
,.0453
.0510
.05TO
.0631
.0694
.076
.220
.3T7
.538
.702
.866
1.031
1.196
1.362
1.528
1.694
1.860
2.026
2.192
2.359
2.525
2.691
2.858
3.024
3.191
3.357
3.524
3.690
3.857
4.023
4.190
4.356
4.523
4.689
4.856
5.023
5.189
5.356
5.522
5.689
5.855
6.022
6.189
6-355
6.522
.0493
.0559
.0627
.0697
.0767
.0838
.0911
.0984
.106
.262
.424
.588
.753
.919
1.085
1.251
1.417
1.583
1.750
1.916
2.083
2.249
2.416
2.582
2.749
2.915
3.082
3.248
3-415
3.582
3.748
3.915
4.081
4.248
4.415
4.581
4.748
4.915
5.081
5.248
5.414
5.581
5,748
5.914
6.081
6.247
,6.414
6.581
.0917
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.1098
.1188
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.1456
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.674
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2.345
2.512
2.679
2.845
3.012
3.179
3.345
3.512
3.679
3.846
4.012
4.179
4.346
4.512
4.679
4.846
5.013
5.179
5-346
5.513
5.679
5.846
6.013
6.179
6.346
6.513
6.679
N = .8
.1730
.1848
.1964
.20TT
.2188
-229T
.2404
.2509
.261
.452
.629
.801
.971
1.140
1.309
1.477
1.644
1.812
1.979
2.146
2.314
2.481
2.648
2.815
2.982
3.149
3.316
3.483
3.649
3.816
3.983
4.150
4.317
4.483
4.650
4.817
4.984
5-L51
5.317
5.484
5.651
5.8,18
5.984
6.151
6.318
6.485
.68651
6.818
N = 1.0
-3234
.3368
.3498
.3624
.3746
-3865
.3982
.4096
.421
.620
.800
.975
1.146
1.316
1.485
1.653
1.822
1.989
2.157
2.324
2.492
2.659
2.826
2.993
3.160
3.327
3.494
3.661
3.828
3.995
4.162
4.329
4.496
-4.662
4.829
4.996
5.163
5.330
5.496
5.663
5.830
5.997
6.163
6.330
6.497
6.664
6.831
6.998
